Chapter 5

Differentiation

We assume the student knows how to take derivatives and is familiar with
the notion of a tangent line from calculus. The Mean Value Theorem in
Section 5.2 is this chapter’s most important theorem. A second important
fact (Section 5.1) is that a derivative, whether continuous or not, satisfies the
intermediate value property. Taylor’s Theorem (Section 5.3) is needed for
Taylor series in Chapter 9. For approximations, the remainder term given
in Theorem 5.6 is generally easier to use than the remainder term given in
Exercise 5.3.8. -Since we consider L’H6pital’s rule a tool rather than a major
theorem, our proof of L’Hépital’s rule is very general; we do all cases at
once. For some it may be more understandable to do each case separately.
Example 5.7 shows that L’Hopital’s rule cannot always be applied.

Possible student take home problems or projects are Exercises 5.1.12,
5.2.8, 5.2.9, 5.3.6, 5.4.4, and 5.4.8. See the end of Section 5.2 in this manual

for another possibility.

5.1 The Derivative

1
1. From calculus, f'(z) = -]1::: 2 = 5 \/_. for z > 0. Alternatively, for
c>0,
f,(C) _ f($) f(C) \/E—\/E
- :z:—»c T—-C :r.—-»c r—cC
_ g YEoVE VEHNC
T T \/’+\/'
1
= EEe f
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f(0) = lim V=0 = lim = = +oc. (Note that z > 0 here.) As
z—0 z—0 z—0 /T
indicated in the Remark following Definition 3.1, the tangent line to

f at 0 is vertical.

. We have f,g: I — R are both differentiable at ¢ € I.

To show: f+ g is differentiable at c.
im L&)+ 9(2) = (f(c) +9(c))

(f+9)(c) =

T>c T—c
= hmf(z)—f(c)_,_ﬁmg(z)-g(c)
z=¢ Fr—c Z—c Z—¢

= fo+4(9).

For part 2,

(fo¥(c) = lim f@)g(ﬂg = f(9)g(0)

lim £(2)9(2) ~ F(@)g(c) + f(2)g(c) — f()g(c)

T=—C T —C

= f(Id' () +9(c)f'(c)

where }13:}: f(z) = f(c) since f is continuous at ¢ by Theorem 5.1.

For part 3, let g be the constant function @ on I. Since the derivative
of a constant function is 0 (this follows directly from Definition 5.1),

(af)(c) (95Y(e) = g(e) f'(c) + f()g'(c)
af'(c) + £(c)(0)
af'(c).

For the rest of pai‘t 1, letting @ = —1 in part 3,
(f=9) (@ =(f+(=9)) (&) = F(c) + (=9)'(c) = F(c) - ¢ (c).

[

. This follows directly from Proposition 5.1.
- Using part 2 of Proposition 5.1 to take the derivative of (fo)(z) =1,

we obtain f(z)g'(z) + f/(z)g(z) = 0. Dividing this by 1, we obtain
0= FEE) | el g | Fia)
f@g(z) ~ flz)g(z) ~ g(z) " f(z)
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. By Exercise 4.1.3, f is continuous on R. For z # 0,

fllz)=z (cos—l-) (-——1—) -!—sm-1 —eint —Llosl,
T z2 z = =z

1
z sm -
f,(O) x—)o f (za): g (0) z_.o p ml_'o sm l

which does not exist by Example 4.13.

. f(z) — f(c) may be 0 for some z in any neighborhood of c.

Suppose f has a local minimum at an interior point ¢ € I, and f
is differentiable at ¢. Then —f has a local maximum at ¢ and ~f
is differentiable at c. From the proof of proposition 5.2 in the local
maximum case, (—f)'(c) = 0 and so f/(c) = 0. (One could also mimic
the proof in Proposition 5.2.) :

If f(z) =0V z € [a,b], then f'(c) =0V c € (a,b). So assume f is not
identically 0 on [a,b]. By Theorem 4.2 f has an absolute maximum
and an absolute minimum on [a, b]. Since f is not identically zero, at
least one of these occurs at an interior point ¢ € (a, b). By Proposition

5.2, fl(e=0
. Letce L.

M > 0. Hence,

(a)z>c=¢-’f-(-£2:—f-§—cl>0andx<c=> pop

) = 1m f(x) 10 5,

(b) f monotone decreasmg on I = —f is monotone increasing on I.
By (a), (—f)(c) 2 0 and s0 f'(c) £0. (One could also mimic the

argument in (a).)
Since f is differentiable on I, Corollary 5.1 implies that all disconti-
nuities of f/ in I are of the second kind. Since f’ is monotone on I,

Corollary 4.4 implies that f’ has no discontinuities in I of the second
kind. Therefore, f’ has no discontinuities in J.

No such function exists by Theorem 5.3. For instance, -g would not
be in the range of f'.
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12. Allowing g = 1, the formula works for n = 0. Forn = 1 the
formula is just the product rule, Proposition 5.1, part 2. Let k£ > 0

k
and assume (fg)® = z G:) fDg%*=3). (Dropping the simplifies
=0

ax QY
notation.) To show: (fg)*+!) = Z ( ) ) FO)glet1~3)
J=0

(f; 9)(k+1) = first derivative of (f9) (k)
k

= Z (k> [first derivative of £U) g(k‘j)] (induction hypothesis)
v =
Ny Ny ~
= Z,(J_) fglh=sth 4 5 (J) FAIGED  (product rule)
j=0 =0 .

(lettingi = j+ 1 in the second part and then replacing i by j)

k 2 ) k41 k '
- Z'( ) gD 4 3 ( _ ) £ glh=541)

7=0 J J=1 ]—1

k SRk 3 (b
- (0) Ot 1 3 [ (]) + (j k 1)} F0)gle=s+1)

J=1

k
+ (k) ) 40

k+1 - k
- ( X ) £ 4 3

=1

E+1Y
(k+l) (0)
+Q+Jf g

(since (k ;‘ 1) = (f) + (j ’_g 1) from combinatorics)

k-1
=3 (" + 1) FU)glit15)

=0\ J

(’f + 1) Fglb=s+1)
j

5.2 Mean Value Theorems
1. (a) By the Mean Value Theorem (MVT), 3 ¢; € (0,1) such that 1 =
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f(1) = £(0) = f'(e1)(1 = 0) = f'(ex)-
(b) By the MVT, 3 ¢; € (1,2) such that 0= f(2) - f(1) = fle2)(2 -

1) = f'(ca)-
(c) By the intermediate value property of f/, Theorem 5.3, 3 ¢c3 €

(c1,¢2) C (0,2) such that f' (c3) = %

. Let g(z) = In_gn+1 +a" 1on +- +—2-:c + agz on [0,1]. Then

n+ 1
g(0) =0, g(l) = 0 by assumptlon, and ¢'(z) = f(z) V z € [0,1]. By

the MVT, 3 ¢ € (0,1) such that 0 = g(1) — g(0) = g'(c)(1 - 0) =
g'(c) = f(c). Therefore, ¢ is a root of f in (0,1).

. Let z; and x5 be two consecutive distinct real roots of f. By the MVT,

3 ¢ € (z1,22) such that 0 = f(z2) — f(z1) = f'(c)(z2 — 71), and s0
f'(c) = 0. Since 3 n — 1 consecutive pairs of the roots of f and f’ has
a root between each paxr, f’ has at least n — 1 distinct roots.
Example. Let f(z) ==z 24+1. Then f has no real roots, but f/(z) =

has one real root

First note that the equation of the secant line connecting the points

(e, £(a)) and (b, £®)) s given by y— £5) = L2 (o). Define
b

¢ lad — Rby o) = £ + L0864 5z, since

f is continuous on [a,b] and differentiable on (a,d), so is . Also,
o(a) = p(b) = 0. By Rolle’s Theorem 3 ¢ € (a,b) such that 0 = ¢'(c) =

1O _ p1(c) or equivalently, £/(e)(6 = o) = £(8) - f(a).

For n # m in N, by the MVT 3 ¢ between % and —73'; such that

lan, — am| = 'f (%) —f( )' |f'(c)
relrzl ?ﬂ ;o?;r:)rg::, Clz riie(jga;chy. Hence, (an),cn is Cauchy By Theo-
We first show that ¢(z) > 0V z > 0. Let £ > 0. Then ¢'(z) =

M >0 & zf(z)— flz) 20« fl(z) 2 fz) . By the

MVT apphed to fon [0,2], 3 ¢ € (0, z) such that f(z) = f (:r:) f(0)y=
f'(c)(z — 0) = zf'(c). Since 0 < ¢ < z and f’ is monotone increasing

on (0,0}, '—f-g:f-)- = f'(c) < f'(z). Therefore, ¢(z) 20V z > 0.

.____I <

e —, Since
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Let 0 < a < b < co. By part 2 of Corollary 5.2, g is monotone increas-
ing on [a,b], and so g(a) < g(b). Therefore, g is monotone increasing

on (0, co). ,
Let lim f'(z) = L € R, and let ¢ > 0. Then 3 § > 0 such that
Z-—a .

T €agb withe <z <a+6= |f(z)~L| <e Let z € [a,}]
with ¢ < z < a + §. By the MVT applied to f on la,z], 3 ¢z €

(a,z) such that M = f(e:). Since a < ¢z < = < a + 4,

f(“’z')—__ (J:(a,) - ’ = |f'(ez) — L| < e. Therefore, %1_13‘11 ﬂ:’%_"_gf‘_). —

L. That is, f is differentiable at @ and f/(a) = zhﬂ M = L.

For the endpoint b, assume lim f’ (z) =M €eR. Fora < z < b, by
the MVT applied to f on [z,8], 3 d; € (z,b) such that M
f'(dz). Then f/(b) = hinb f @ f £z) = F) = lim f'(dy) = Jm, fl(dz) — .

f(z) = /= is uniformly continuous on [0, 1] by Theorem 4.4. f has an
unbounded derivative on (0, 1] by the solution to Exercise 5.1.1.

(a.) Suppose z; and z; are two distinct fixed points of f. By the
MVT, 3 ¢ between z; and z; such that zy — z; = f(z2) = flz1) =
f’(c)(zg — z1), and so f'(c) = 1. Since |f'(z)] < 1V z € R, this
contradiction =+ f has at most one fixed point.

(b) Let f(z) = z+ (1 + €*)"1. By direct calculation, f'(z) = 1-

(1 :;)2_ Since 0 < 1+ ‘ezez)z <1,0< f(z) < 1, and so f satisfies

the hypothesis of (a). If f(c) = c for some ¢ € R, then le =0,a

contradiction. Therefore, f has no fixed point.

By Example 8.3, ¢ > sinz V = > 0. Since sine is an odd function,
—z >sin(~z) = —-sinz ¥z <0.So z <sinz Yz < 0.

Let z > 1 and let f(t) =In? on [1,2]. By the MVT, 3c € (1,z) such

that f(z) = f(z)— f(1) = f'(c)(z—1) or equivalently, Inz = —1-(:c-1).

1 1 -1 1
Since 1 < c < z, ;< <1, andsom <:c =lhzr<z~-1.

Iz >0, then1+z > 1. From the last mequa,hty, 1n(1+z) <(1+
z)—1=2z.
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12. Since % > 1, Exercise 11 implies that
Y_1

z <m¥<¥_q
x T

El
T

or1-£<1ny—1nx<y-—1.

y z '
(_?_J__ )where
T

ol

Alternatively, by the MVT, m% = 1:'1% ~Inl =
1<e< ¥ Since Z< 1 < 1, the result follows.
T y c
T ) T T
13. By the MVT, cos (—2-) —;rcosa: = (—sinc) (-2- ——a:) where z; c< 7
Hence cosz = (sinc) (—2-— ) Since sinc < 1, cosz < F—Tor

T o . . . T ‘
z + cosz < —=. Since sinz < sine, cosz > (sinz) (5-—3:) , and so

cosz? T
cot £ = —— > — — x. Therefore, z +cotz > .
sinz = 2 2

Some instructors may wish to assign the following as an exercise. For
T : .
T,y € (—— —) show that |tanz +tany| > |z +y|. First note that

k]

if £ = —y, then both sides of the inequality are 0. Let z #* —y.
By the MVT 3 ¢ between z and —y such that tanz — tan(~y) =
(sec? ¢) (z— (7)), or equivalently, tan z-+tany = (sec? ¢) (z+y). Note
that sec? ¢ > 1. f z+y > 0, then tanz+tany > z-+y; whileifz+y <0,
then tanz +tany < = +y. In either case, [tanz + tany| > |z +yl.

5.3 Taylor’s Theorem
1. Successively taking derivatives gives sinz,cosz, —sinz, —cosz,sin z,
etc. For f(z) = sinz, f™(0) = 0 for n = 0,2,4,6,... and f(0) =
1, f(0) = -1, f¥(0) = 1, f((0) = —1. Hence,

PO, O, 10,

Pi(z) = fO)+/0)z+ = 30 o
_ 2 s 2
= TTHTE W

F®(c)z® _ (sinc)z®
8! -

5 for some ¢ between 0 and z.

and Ry(z) =
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2. For f(z) = cosz, using the derivatives given in Exercise L, f™0o)=0

for n odd and f£(0) = 1, //(0) = -1, f@(0) = 1, F©(0) = 1. Hence,
4 6 2:8
Pz)=1~ ot % - % and Ry(z) = (COSS!C) for some ¢ between

. For f(z) = In(1 + z), z > 0, we obtain flz) = 1——_*]:—1. = (1+

2)7L f'(z) = ~(1+2)72, f"(z) = 2(1 + 2)%, FO(z) = —31 1+
2)74. .., fB () = (=1)FD(k — 1)I(1 + 2)*. So £(0) = 0,7(0) =
L7(0) = ~1, f"(0) = 2, f9(0) = -31, f&)(0) = 41, fO)(0) = —51,
and F()(0) = 6!. Thus,

, 22 | 223 3zt 425 55 glg7
Pra) = Otz—m 5 - a4 TE T e T
22 2 gt LB g6 T

It S R

I

“T1+c)~8 o —gB
3 T —8(1+c)8 for some ¢ between 0 and z.

and Ry(z) =

- Let f(z) = sinz or f(z) = cosz. Then F™*1(¢) is either +sinc or

Fcosc, and so | f™+1)(c)| < 1. Therefore,

i 1

f(n-i-l) ( c) -+l
=D S mED

(n+1)!

|Ra()| =

for |z| < 1. We want n so that (T—tl-_l)_l < 107% or equivalently,
(n +1)! > 10. Therefore, n = 9 will do. ‘
- . : —1)"n!

flz) = <z<l. (1) () = (ZL)"n!
Let f(z) =In(1+1), 0 <z < 1. Since f (o) Tt

! Zn+l [zln—i-l 1
[Rn(z)| = A+ (m+1) = (n+1)(1 4 c)n+l s (n+1)(1 + c)n+1

forOSx_<_1and05c_<_:z:.Since1+c2v1,l—icSlandso

. We want n so that

1
< -6 i
|Rn(z)| < | T < 107° or equivalently,

n + 1 > 10°. Therefore, n = 10° will do.
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5. Choose r € R with L < r < 1. Since a:;:l — L, 3 ng € N such

that n > ng = 9—3:—1- < r or equivalently, n > ng = ap+1 < Tln.

Therefore Gngs1 < Tng,Gne+2 < Tngsl < Tlng, Gno+3 < Tlng+2 <
T3y 10 < Gpgik < T¥any Vk € N, Since 0 <r <1, r* — 0. By

the Squeeze Theorem, any+k — 0, and so a, — 0. (This is part of the
Ratio test of infinite series. From Chapter 7, if > a, converges, then

ar — 0.)
e |-73In+1
6. (a) For f(z) = €%, |Ra(z)| = ———=<7 (see Example 5.6) for some ¢
(n+1)!
between 0 and z. Let z # 0 and let a, =ﬂ—l— Then Gntl _
) : ” (n+1)0
7 1
=] (! _ _lal — 0 < 1, and so a, — 0 by Exercise

(n+2) [o  n+2
5. Since €€ is a constant, |R,(z)| — 0 and so Rn(z) — 0.
n+i
For f(z) =sinz or f(zx) = cosz, |Ba(z)| < (—I:'I_ﬁ’)'? VzeRby
Exercise 4. As above, R,(z) — 0.

(b) For f(z) = In(l +2),0 £ z < 1, by Exercise 4, |Rn(z)] =

Iz,n—%—l *zin+l 1
M)A+ ~n+l ~n+l 0. Therefore, Bn(z) 0
for0<z<1

7. Let f(z) = € with z > 0. By Taylor’s Theorem withn=1,¢€" =
C
1+a:+f—- where 0 < ¢ < z. Since 1 = € < e < €%, 1+x+-x2—2- <
E<ltart -5'62

8. Following the directions given in this exercise, we have
"z
(@) = f(a0) + f' @)z = a0) = | F(OE )t
Zg

Integrating by parts with

u=f"(t) du = f"(£)dt

2
dv = (t — z)dt v=££—2—x-)— ’



66 CHAPTER 5. DIFFERENTIATION

f&) = flzo)+ f(zo)(z—z0) [M / f’”(t)(t 2)? dtJ

= flzo) + f'(mo)(z ~ zo) + i—(z'@(xo -z + / f,”(t)g —-x)zdt.

Letting
u= f"(t) du = f&(t)dt
_ (t—$)2 _ (t-$)3 )
dv = 3 dt v= —5-3—

£@) = (@) + Fm)e o) + Lz - g2

L ITOe -2 f(‘*) O¢-z? .,
3! 3!

= flam) + 7(zo)(a - a:o)+f 20) (5 g2
flll( 0)(2: )3 / f(4)(t)(t—x)3dt°

2o 3!
Letting
u= fE&(t) du = fO)(t)dt
_(t—z)® t—z)*
W="—gdt v=g

£@) = o)+ fan)(e—a)+ Lo ggpr 4 L o gy

_ [f(‘*’(t)(t -z)tf f<5><t><t z)* J
! ]

zg *o

= f(o0) + Fao)(e —m)+ LT o 4 L g _ s
f(4)( 0)(33 x) / f(s)(t)(t x)4

Continuing to integrate by parts, we obtain

£@) = flao)+ leo)@-a0) + L g 1 L) oy

- fer = —ap
n!

deooe ‘_f_.ﬁ(;:_c_o_).(x — 1’0)n+ (-—l)n

Z0
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(The last integral exists since f(*+) is continuous. From the theory
in Chapter 6 together with the continuity of f**1), one can show that
the two forms of the remainder are equivalent.)

5.4 L’Hopital’s Rule

1.
T g ST o Hopital)
-0+ lnx z—04 _1_ y P
T
(-_‘-"g_; form)
- _ ¥ z 1]
o zlixg-i- sin® z (0 form)
1 rra s
T z-0+ 2sinzcosz (by LHopital)
= -—Co.
2.
] . In=x —co
zli%1+a:2].na: = zy..l&._l— (-;;' fOI'DJ.)
z2
(0 - —co form)
1
= lim -Z- Hooi
= z_13’%1"_ =2 (by L'Hopital)
3
- i &
- z—0F 2
= 0.
lim zlnz
3. lim z° = lim &*18% =g =0+ Since
z—0t =0
(0° form)
. Inz —co
zlirg+z]nz = Ililg.+—}-— (.Eo— form)
z

(0 - —co form)
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1
= lim -Z. 'Hépi
= z£1_50n+ =  (by L’Hoépital)
zZ
= lim (-
z—inoi""( 27)
= 0’
lim 2 =€l =1.
z—0+

1 1 tim_ % in(cos
4. liI(I)l+ (cos/Z)z = lim ezl"(mﬁ)=e=f§+z ( ‘/5) Sin
T—

z—0+
(1% form)

ce

1
(—sinv/z) ( ==
In(cos vz) ("‘: VZ) _ im (2‘/5) (by L’Hopital)

Ji’éi =0+ cos /T
1.  tanyz 0
- i SE (fom)
d
1. (sec?/x) d——ﬁ
= —= lim Z (by L’Hépital)
2 z—s0+ _i \/E
dz
- 1. 2
= -3 21-1.%14- sec® \/z
1
= —5()
= 1
= -3
1 1
lim (cos+/z)z =e73.
z—0+
5.
) 2 . 2z ra s
il—rf(l) 1—cosz =~ il-% sinz (by L'Hopital)
0 0
(5 form) (5 form)
= il—rfcl) po (by L’Hoépital)
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o]
6. lim < = lim (—e-)z=OSince0<£<1.
iy

g0 T =0 \T
7.
1-si 0
lim (secz —tanz) = lim e (-— form)
PN zwX~ COSZT 0
2 2
(00 — oo form)

. —COST era s
= z-l-lfg‘ — (by L’Hopital)
=9
Tl
= 0.

z 3 . 3
8. lim <1+§-) = lim exln(H"F) =e=lﬂ°zln(1+-’”). Since
200 T L—00
(1% form)

im zln (1 + E) = lm -—-—-1-—-2:—— (9- form)
2—00 z T—00 0

(o0 - 0 form)

= lim —Z  (by L'Hopital)
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